INTEGRAL GEOMETRY UNDER G 2 AND Spin(7) 



OO , ANDREAS BERNIG 

O ■ 

O ; 

fN| ' Abstract. A Hadwiger-type theorem for the exceptional Lie groups 

» I . G2 and Spin(7) is proved. The algebras of G2 or Spin(7) invariant, 

■ translation invariant continuous valuations are both of dimension 10. 
I Geometrically meaningful bases are constructed and the algebra struc- 
tures are computed. Finally, the kinematic formulas for these groups 

' are determined. 

<n : 

o : 

Q, 1. Introduction 

■ Let V be a finite-dimensional vector space. By IC(V) we denote the space 
of compact convex subsets of V. This space has a natural topology, the 
Hausdorff topology. A (convex) valuation is a functional \i : JC(V) — > C 

'— '. with the following additivity property: 

'-J; ii(KUL) = n(K) + n(L)-n(KnL), VK, L, K U L E K{V). 

Examples of valuations are the Euler characteristic x (which equals 1 for 
\ non-empty K) and any Lebesgue measure. 

£f) ■ In this paper, we will only consider continuous and translation invariant 

^ ! valuations. We set Val = Val(V) for the vector space of all continuous and 

' translation invariant valuations on V. Alesker [5], [6] introduced a prod- 

uct structure on Val (in fact on some dense subspace consisting of smooth 
t". I valuations). 

# ^ ■ Let V be endowed with a scalar product. For a compact subgroup G 

of SO(V) = SO(n), we let Val G C Val denote the subspace of G-invariant 
valuations. Alesker has shown that Val is finite-dimensional if and only if 
G acts transitively on the unit sphere [2], [7j. In this case, Val G consists of 
smooth valuations and Val G is a finite-dimensional algebra. 

Borel [2], [15] and Montgomery-Samelson [23j gave a complete classifi- 
cation of connected compact Lie groups acting transitively and effectively 
on the sphere (compare also [13], 7.13). There are six infinite series 

SO(n), U(n), SU(n), Sp(n), Sp(n) • U(l), Sp(n) • Sp(l) (1) 

and three exceptional groups 

G 2 ,Spin(7),Spin(9). (2) 
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For each group G in this list, three fundamental problems of integral 
geometry are as follows. 

(i) Hadwiger-type theorem for G: determine the dimension of Val G 
and give a geometrically meaningful basis of this space. 

(ii) Compute the algebra structure of Val G . 

(hi) Compute the whole array of kinematic formulas and additive kine- 
matic formulas. 

The classical case G = SO(n) was studied by Blaschke, Chern, Santalo, 
Hadwiger and others. Hadwiger showed that dimVal SO( - n ^ = n + 1, with 
a basis given by the intrinsic volumes fio = x> • • • , = vol n . The graded 
algebra Val so ^ is isomorphic to C[t]/(t n+1 ) (where degt = 1). 

For a compact subgroup G of SO(n), we set G := G x V with the product 
of Haar and Lebesgue measure. The principal kinematic formula for SO (re) 
is 



Here and in the following, u n is the volume of the ra-dimensional unit ball. 
Higher and additive kinematic formulas are also classical. 

Problem (i) for G = U(n) was solved by Alesker [3], problem (ii) by Fu 
[17j . In general, the product structure of Val determines all kinematic 
formulas [11], but it may be rather hard to write down explicit formulas. 
For G = U(n), this was recently achieved in |12j . thus solving problem (hi). 

Alesker [1] computed the dimension of Val su ( 2 ). The algebra structure 
was computed in [8\ . The kinematic formulas were known before by work of 
Tasaki |26j . 

Problems (i)-(iii) for G = SU(ra) were recently solved in [9] and we will 
use these results in an essential way in the present work. 

For the other groups from list (H])-©, very few is known. 

In this paper, we will solve problems (i)-(iii) for the exceptional Lie groups 
G2 and Spin(7). Our method uses the inclusions 



and the fact that the integral geometry of SU(3) and SU(4) is well-understood 
In particular, we will need that G2 and Spin(7) act 2-transitively on the unit 
sphere. This is not the case for G = Spin(9), which is the reason why other 
ideas have to be used in the study of the integral geometry under this group. 



We define the group G2 following [16] . Other references are [H] , [20] and 
[18j . A nice historical account can be found in pQ. 

Let V be a 7-dimensional real vector space. Given <j> £ A 3 V*, we set 




SU(3) < G 2 < Spin(7),SU(4) < Spin(7) 



2. Results 



b(x,y) := -i x <f> AiyfiAcp £ A 7 V*, x,yeV. 
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If b(x, x) ^ for all x ^ 0, <fi will be called positive. 

Choosing a basis uj\ , . . . , wj of V* , we obtain an example of a positive 
3-form by setting 

+ W2 A W4 A W6 - ^2 A W5 A W7 - W3 A W4 A W7 - W3 A W5 A wg. 

Definition 2.1. Lei <fi € A 3 !/* fre positive. Then G2 = G2(V,</>) «s defined 
as 

G 2 :={ 5G GL(y)| 5 *0 = 0}. 

Since is positive, 6(x, x) lies in the same connected component of A 7 V* \ 
{0} for all We fix the orientation on V in such a way that 6(x, x) > 

for all x 7^ 0. 

Given an orientation preserving isomorphism r : hJV* — ► R, we obtain 
a scalar product on F by setting (x,y) := r o b(x,y). This scalar product 
induces an isomorphism r' : A 7 V* — > R, sending lo to w(ei, . . . , e-j) for a 
positively oriented orthonormal basis e±, . . . ,ej V. In general r' 7^ r. 
However, there is a unique choice of r such that r' = r. Indeed, rescaling r 
by a positive factor t 2 will rescale r' by t~ 7 , hence there is a unique i with 
r' = r. We fix in the following the scalar product with this property. 

Since b is G2-equivariant, G2 preserves (•, •) and the orientation. In other 
words, G2 C SO(V). In particular, the intrinsic volumes Hk, k = 0, . . . , 7 are 
G 2 -invariant. 

Let W C V be a 3-dimensional subspace. Choose vectors wi,W2,W3 € W 
such that A w 2 A ws\\ = 1. We set </>(W) := 4>{w\, W2, w%). Clearly, 
4>(W) is well-defined (i.e. independent of the choice of wi, W2, W3) up to 
a sign; hence 4>(W) 2 is well-defined. It may be checked that two spaces 
Wi, W 2 G Gr 3 (V) are in the same G 2 -orbit if and only if 4>(Wi) 2 = 0(W 2 ) 2 , 
but we will not use this fact in the following. 

For a face F of a convex polytope P C V, we let Wp be the linear space 
parallel to F. The normalized volume of the outer angle at F is denoted by 
7 (F). 

Theorem 2.2. (Hadwiger-type theorem for G2) 

There is a unique valuation V3 £ Val G2,+ such that for each polytope P C V 
HP)= Y, l(F)^(W F ) 2 yo\(F). (3) 

F,dimF=3 

There is a unique valuation G Val G2 ' + such that for each polytope P C V 
MP)= E i(F)4>(Wf) 2 ™1(F). (4) 

F,dimF=4 

The valuations . . . , [17, 1/3, 1/4 form a basis of the vector space Val° 2 . In 
particular, 

dimVal G2 = 10; 
and all G2-invariant valuations are even. 
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Corollary 2.3. Let G be any of the groups from the list ([I])-©. Then Val 
consists only of even valuations. 

Proof. If —1 G G, then the result is clear. The only groups with — 1 G 
are SO(n) and SU{n) for n odd and G<i- The case G = SO(n) is the 
classical Hadwiger theorem, which shows in particular that S'0(n)-invariant 
valuations are even. The geometric reason behind this is a lemma of Sah 
([22], Prop. 8.3.1). 

The case G = SU(n) was studied in [9], again there are no odd invariant 
valuations. Finally, the case G = G2 is treated in Theorem 12. 2[ □ 

We set 

v' 3 := 5v 3 - /x 3 
v' 4 := hv^ — /i4. 

Theorem 2.4. (Algebra structure o/Val G2 J 
Let t and u be variables of degree 1 respectively 3. Then the map t 1— > 
^/xi,u 1 — > ^§ covers an isomorphism between graded algebras 

Val G2 ^C[t,u]/(t 8 ,t 2 u,u 2 + At 6 ). 

By the methods of [11], one can translate this algebra structure into the 
whole array of kinematic formulas for G2. As an example, we write down in 
explicit form the principal kinematic formula for G2- 

Corollary 2.5. (Principal kinematic formula for G 2 j 
For compact convex sets K, L C V we have 

[ X (K n gL)dg = [_ X {K n gL)dg + ^(K)v' A (L) + 1^(K)^(L). 

Jg 2 Jso(v) 2 2 

Now we turn our attention to Spin(7). We can define it in a short way as 
the universal covering of SO(7). However, it will be convenient to have an 
explicit description similar to the one for G2 given above. 

Let V+ be a complex 4-dimensional hermitian vector space. Let f2 be the 
symplectic 2-form of V+ and (3 G A 4 V^ be the real part of the holomorphic 
volume form, i.e. (3{v 1, t>2, ^3, V4) = Redet(vi, V2, V3, V4). Set 

$ := -U Aft + (3 G A 4 V*. (5) 

Definition 2.6. 

Spin(y + ) := {g£Gl(V + )\g*$ = <S>}. 

This group is a compact connected subgroup of SO(V + ) which acts tran- 
sitively on the unit sphere of V+. For v G S(V+), the stabilizer of Spin(V+) 
at v is G 2 (W, 4>), where W := T V S(V + ) and 



<p ■= * w ($\ w ) g A 3 W*. 



(6) 
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For W 6 Gr4(V + ) we set := $(ioi, 7^2,^3, ^4), where W\, W2, ^3,^4 € 

W satisfy 1 1 t^i A W2 A W3 A 104 1| = 1. Then $(W) is well-defined up to a sign. 
It is easy to show that Spin(V + ) acts transitively on Gr*.(V+), k ^ 4 and 
that Wi,W2 £ Gr4(V + ) belong to the same Spin(V r + )-orbit if and only if 
$(Wi) 2 = $>{W 2 f. 

Theorem 2.7. (Hadwiger-type theorem for Spin(7) y ) 

There exists a unique valuation 77 G Val Spm( - v +^ sitc/i i/mi /or eac/i polytope 
P C V+ we have 

n(P)= Yl l(F)vol(F)<S>(W F ) 2 . (7) 

F,dim F=4 

T/ie valuations fio, . . . , rj form a basis of V&l Spm ( v+ \ in particular 

dimVal Spin(y+) = 10. 

We set 7/ := hrj — /J4. It will turn out that 7/ is primitive in the sense that 
Ml • rf = 0. 

Theorem 2.8. (Algebra structure of Val Spin(7) ) 

Let V+ be, as before, a hermitian vector space of complex dimension 4. Lett 
and u be variables of degree 1 respectively 4. Then the map 1 1— ► u 1— > -\ 
covers an isomorphism between graded algebras 

y al Spin(V+) ^ u y(j? tU 2 _ ^ 

Again, we can compute all kinematic formulas for Spin(V+) using this 
theorem and the results of [11]. We only give the following example. 

Corollary 2.9. (Principal kinematic formula for Spin(7)j 
For compact convex sets K , L C V+ we have 

I X(K n gL)dg = [_ X {K D gL)dg + ^n'(K) V '(L). 

JSpin(V+) JSO(V+) '■ 

3. Tools 

Let V be a vector space of dimension n. Let Val := Val(V) be the vector 
space of continuous, translation invariant valuations. A valuation fj, E Val 
has degree k if ^(tK) = t k n(K) for all t > 0. It is even (resp. odd) if 
n{—K) = fJ,(K) (resp. (j,(—K) = —fj,(K)). We write Val^ for the subspace 
of valuations of degree k and parity ±. 

Theorem 3.1. (P. McMullen, |23] ) 
There is a direct sum decomposition 

Va l= Val e fe . 

fe=0,...,n 
e=± 
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Suppose that V is endowed with a Euclidean scalar product. Let G be a 
compact subgroup of SO(V) acting transitively on the unit sphere. Alesker 
has shown that dimVal^* < oo. He introduced on Val G a structure of a 
commutative and associative algebra with unit x satisfying Poincare duality 

The next theorem is a particular case of the more general hard Lefschetz 
theorem of [10] (where G-invariance is replaced by smoothness in the sense 
°f IS))- 

Theorem 3.2. (Hard Lefschetz theorem, |10] ) 
Let A : Valf (V) -► Valf.^F) 6e denned 6y 



pi(K + tB). 

t=o 



Then A 2k ~ n : Val^(V) -» Val£_ fc (V) is an isomorphism. In particular, the 
Betti numbers 

hk ■= dim Val fc 



satisfy the inequalities 



and the equations 



h <hi < ...< h\ n / 2 \ 



h h = h n _ k , k = 0,...,n. 



The theorem in the case of even valuations was proved before by Alesker 
[3], using the following fundamental result. 

Theorem 3.3. (Klain, [2T] ) 

Let fi £ Val + (y) be simple, i.e. fi vanishes on lower- dimensional com- 
pact convex bodies. Then pi is a multiple of the Lebesgue measure on V, in 
particular pi is of degree n. 

This theorem has the following important consequence. The restriction of 
pi £ Val^ to a subspace W £ Grfc(F) is a multiple of the Lebesgue measure 
on W . Putting KLj for the proportionality factor, one gets a function KLj £ 
C(Grf,V), called the Klain function of pi. The resulting map Val^" — > 
CiGik V) is injective. 

If pi is smooth in the sense of [6] (in particular if pi £ Val G for one of the 
groups from (fl])-([2"|)). then there exists a unique valuation fi £ Val+_ fc whose 
Klain function is given by Kl^ = KLj o _L. This valuation is called Akesker 
dual or Fourier transform of pi. The Fourier transform can be extended 
to odd valuations, but we will not need this here. 

An analogue of Klain's injectivity result in the case of odd valuations was 
proved by Schneider. 
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Theorem 3.4. (Schneider, [25] ) 

Let \x G Val~(V) be simple. Then there exists an odd continuous function 
f on the unit sphere S(V) such that 

M (iT) = / f(y)dS n -i(K,v), 

JS(V) 

where S n ~x(K,-) is the n — 1-th surface area measure of K. In particular, 
fj, is of degree n — 1. 

Corollary 3.5. Let V be a Euclidean vector space of dimension n. Let 
G < SO(V) act transitively on the unit sphere. For a hyperplane W C V , 
let H := St&bciW). Consider the restriction map 

ff rVal^VO-Valf'^) 
H i-> n\ w . 

Then r^ is injective for k ^ n while r^ is injective for k ^ n — 1 . 

Proof. Since G acts transitively on Gr n _i(V), a valuation \i G kerr^ is 
simple. The statement thus follows from Theorems 13.31 and 13.41 □ 

If H acts transitively on the unit sphere of W, then the dimension of 
Val fe ' is finite and we get a bound for the dimension of Val fc ' . This is 
the case precisely when G acts 2-transitively on the unit sphere S(V) (this 
means that if vi, v%, v'^, v' 2 G S(V) with (ui,«2) = ( v i> v 2)i then there exists 
jGG with gvi = v[ and gv2 = v' 2 ). For the groups G from the list (P)-©, 
only SO(n), G2 and Spin(7) have this property. 

We will need some results from [12] and [9]. Let V be a hermitian vector 
space of complex dimension n and W G Gvk(K). Set p := [^/^J- The 
restriction of the symplectic form Q of V to W can be written in the form 

v 

Q\w = ^cos((9i)a2j-i A a 2 i- 
i=l 

Here ax, . . . , ctk is an orthonormal basis of the dual space W* and < 9\ < 
■ ■ ■ < Op < f is called the multiple Kahler angle of W [27]. We denote 
the g-th elementary symmetric function by o~ q . 

Theorem 3.6. 

For < q < p, there exists a unique valuation G VabY such that for 
a polytope P C V 

n, q ( p )= Yl 7(F) vol(F)o- q (cos 2 O^Wf),..., cos 2 9 P (W F )). 

F,dimF=k 

These valuations are called Tasaki valuations. Note that r^o = /Ufe, the 
k-th intrinsic volume. 
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Under the subgroup SU(V) < U(V), there are some more invariant valu- 
ations; they are even and appear in the middle degree re. More precisely, 

Valf (V) = Va£ (y) 

if k 7^ n; 

dimVal^ u(y) = Val]! {V) +4 if re = mod 2; 

dimVal^ u(y) = Valj^ +2 if re = 1 mod 2. 

Let us describe the "new" invariant valuations more explicitly. 

For W G Gr n (V), we set O(W) := det(«ii, . . . ,w n ), where wi, ... ,uu n is 
a basis of W with \\wi A ... A w n \\ = 1. If £l\w is non-degenerated (which 
happens if and only if n = 2p is even and 9 P (W) < ^), we ask in addition 
that Wi, . . . , w n be a positively oriented basis. 

If £l\\y is non-degenerated, then Q(W) € C is a well-defined invariant. 
Otherwise, 0(W) G C/{±1} is well-defined. It is easily checked (compare 
[9]) that in both cases 

v 

\<d(W)\=~[[sm8 i (W). (8) 

i=l 

Theorem 3.7. 

There exists a unique valuation <p nj 2 € Valn U ^ such that 

M p ) = vol(F) 7 (F)e(W F ) 2 . 

F,dim_F=n 

If n = 2p is even, there exists a unique valuation (j) n \ G Valf^^ such that 

p 

<f>n,i( p )= Yl ™l(F) 7 (F)@(W F ) JJcob%(W». 

F,dimF=n j=l 

Note that these valuations are complex- valued. They were denoted by 
01, 4>2 in [9]. 

4. Construction of invariant valuations 

In this section, we let V+ be a complex 4-dimensional hermitian vector 
space with the 4-form <3? as in ([5]) and V C V+ a hyperplane with the positive 
3- form (j) from ©. We will write G2 instead of G2(V, <fr). 

By Corollary 13.51 with G := G2 and H := SU(3), we get the following 
dimensions: 



dimVaF 2 ' - = 
dimValjf' + = l fc^3,4 
dimVal^ 2,+ = dimVai4 2,+ < 2. 

In particular, there are no non-zero odd G2-invariant valuations, which is 
non-trivial since —1 ^ G2. 
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Clearly, there are no odd Spin(V+)-invariant valuations, since —1 € Spin(V + 
We apply Corollary 13.51 with G := Spin(U + ) and H := G2 and find the fol- 
lowing dimensions: 

dimVal^ pin(y+) = 1, k^4 
dimValf in(y+) < 2. 

Let us show that in fact dim Val^ 111 ^ 4 ^ = 2, which also implies that 
dimVal^ 2 = dimVarX 2 = 2. 

Recall that SU(U+) is a subgroup of Spin(U + ). Besides the intrinsic vol- 
ume /i4, there is another SU(V+)-invariant valuation of degree 4 which re- 
mains invariant under the bigger group Spin(V+). 

Proposition 4.1. w := \t^q — \r^x-\-^T^2 + \ i Re(j)^2 + 2Re<j)^\ G Val^^ 
is Spin(V+) -invariant and satisfies ([7]). 

Proof. Let W G Gr 4 (U). Fix abasis w%, . . . , W4 of W with ||iOiA. . .Aw^W = 1. 
If Q I w is non-degenerated, we ask in addition that w\ A . . . A u>4 be positive. 

Let us write 0j := 6i(W),i = 1,2; a q := a q (cos 0i, cos 6*2) , q = 0,1,2 and 
6 := 0(W). Then, by © and ©, 

$(IU) 2 = (cos 0i cos 2 + Re®) 2 

= cos 2 6»i cos 2 2 + {Re®) 2 + 2 cos X cos 9 2 Re® 

= Re ^cos 2 0i cos 2 2 + ^9 2 + ^sin 2 8i sin 2 2 + 2 cos 0i cos 2 G 

1 13 / 1 

= -<7 - 2°"i + 2 a2 + fle ( 2 02 + 2 C ° S 01 COS 92@ 

Using Theorems 13.61 and 13.71 we get for each polytope P C V+ 

7?(P) = 2 vol(F) 7 (F)$(W^), 

F,dimF=4 

which is ([7|). This equation shows in particular that n is Spin(V+) invariant. 

□ 

Theorem 12.71 follows from the proposition. 

Let V be a hyperplane in V+. The stabilizer of Spin(V+) at V is G2 = 
G2(V,4>), where 4> '■= *w^\w (note that <j> is only well-defined up to a sign 
depending on the choice of orientation on V). 

We set := n\ v £ Val^ 2 . From © we deduce that 

^(W^ 2 = <Z>{W) 2 , W G Gr 4 (U). 

Equation ([5]) follows immediately. 
We define 1/3 by 

f3 := £4 G Valg 2 . 

Unfortunately, the verification of ([3]) seems to be less simple. If a con- 
tinuous translation invariant valuation satisfies ([3]), then clearly its Klain 
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function is given by W i— ► 4>(W) 2 , which is also the Klain function of 
vj, = z>4. Without giving the details, we indicate that ([3|) follows by noting 
that 1/3 is a constant coefficient valuation in the sense of [12]. In fact, if 
N\(K) E 27(V x V) denotes the disk bundle of K, then we can represent vj, 
by 

= 2^l(tf)(Pi0Ap£*$. 

Here pi,P2 ■ V xV — > V are the natural proj ections . Note that p\ A P2 * £ 
A 7 (V* x V*) has constant coefficients. 

5. Algebra structure and kinematic formulas 

Proof of Theorem \2.8[ Since SU(V + ) C Spin(V+), we get a canonical injec- 
tion of graded algebras 

Val Spin(U + ) ^ Val SU(U + ) 

The image of rj in Val su ^ l/+ ^ is -kr^Q — \t±,\ + | T 4,2 + \R^4>^2 + 2Re<p^ > x. 
The valuations 04^ and 04^ are in the annihilator of Using the results 
of [T2] and [S], one computes that 

/l 1 3 \ 8 

Ml • »7 = • I 2 T4 '° ~ 2 7-4,1 + 2 T4,2 J = 15 M5 ' 

A 1 3 1. It , 7 

»7 • f] = I 2^,0 - -T 4 ,l + -T 4 ,2 + 104,2 + -704,2 + <P4,1 + 04,1 

1 1 3 \ 2 1 - 

2 r 4,0 - 2 T 4,1 + 2 T4 ' 2 ) + g^4,204,2 + 204,104,1 

203 

Setting r/ := 5r/ — ^4 one gets 7/ • /Ui = and rj' ■ rj' = -j/is- C 

Next, we study the algebra structure of Val G2 . Fix a hyperplane Vq C V. 
Let x € VJ) -1 " be of norm 1. Then i x cj) is a symplectic form on Vq and there 
exists a unique almost complex structure J on Vq with (v,w) = i x (j)(Jv,w). 

The stabilizer of G 2 at V is given by SU(Vb) = SU(3). 

Lemma 5.1. £ei r : Val G2 — > Val su ^°) 6e i/ie natural restriction map. 
Then 

, . 1 1 1 

rl^) = 2 r 3,o - 2 7 " 3 . 1 + 2 ^ 

r(i/ 4 ) = T 4i2 . 

Proo/. For VF G Gr 3 (y ), set := and G := 0(W). Then <j>(W) = 

Re@(W) and therefore 

0(W) 2 = (ReQ) 2 = ^Re(e 2 + |0| 2 ) = ^i?e(0 2 + 1 - cos 2 9). 
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For W € Gr4(Vo), we have ^{W^) = cos 82 = o"2(cos 8\, cos 82), where 
= 6\ < 82 are the Kahler angles of W. 

The statement of the lemma now follows from the definitions in Theorem 
13.61 and Theorem 13.71 □ 

Proof of Theorem \2.4\ The Alesker product is compatible with the restric- 
tion r : Val G2 -» VaT^./iH ^ Vo , hence 



r(pt2 ■ va) = \m ■ (t3,q - r 3 1) = 
2 5 



Similarly, 



.1 1 1 1 

^(^3 ^T 3j0 - -73,1 + -03,2 + ^< 



'3,2 



= ^( T 3,0 - T-3,l) 2 + ^03,2^3,2 

9vr 

Since 75" and r£ are injective, we deduce that ^2 • f 3 = 5/X5 and 2/3 ■ 1/3 = 
— ^-^6 m Val G2 . From these two equations, the theorem follows. □ 



Proof of Corollary 5[ Let us write z/4 in terms of the basis 1x4, fii ■ vz of 

16' 



Val G2 . As above, we get that r(fj,i ■ z/3) = jfTt(h4 — 7^2) and therefore 



16 

V4 = 1x4 - —fr ■ v 3 . 
Sit 

Corollary 12.51 now follows from the methods in [TT] . □ 

We rescale the derivation operator A of Theorem 13.21 as in |12j by setting, 
onValf, 

A:=^A 
and rescale multiplication by \i\ by 

Lfj, : = m ■ [i. 

Corollary 5.2. The operators L, A define, together with the degree counting 
operator Hfj, = (2 deg (j,—7)(i a representation of the Lie algebra SI2 on Val G2 . 

Proof. The commutator relations [H, L] = 2L and [H, A] = — 2 A are im- 
mediate. We have to show that [L, A]// = Hfi for each fi € Val G2 . If fi is 
one of the intrinsic volumes, then this follows from a direct computation. It 
remains to show that this equation also holds for fi = u 3 and fj, = 1/4. The 
Fourier transform intertwines L and A (compare [11]) and therefore 

Az^ 3 = Ai> 4 = LV4 = /t 5 = fi 2 . 

Similarly, 

A1/4 = Az> 3 = Lv 3 = p,4 - i>4 = /i 3 - u 3 . 
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It is now easy to compute that [L, A]^ = —v% and [L, A]z/4 = 1/4. □ 

Let us conclude with some general remarks. The algebra structure of the 
spaces Val G is now known for the groups G = SO(n), U(n), SU(n), G2, Spin(7) 
from the list dH)-([2]) . By looking at these algebras, some natural questions 
arise. 

• For G as above, rescaled versions of the derivation operator and of 
multiplication by Hi define an s^-representation on Val . We con- 
jecture that this will also be the case for the remaining groups from 
the list ([I])-([2j). On the bigger space Val sm of smooth translation 
invariant valuations, this is not true. 

• By Corollary E3l Val G C Val + for each of these groups G. However, 
our proof relies on a non-geometric case by case argument. Is there 
a direct explanation of this fact? 

• For each such group G, Val consists of constant coefficient valua- 
tions in the sense of [12]. Is this also true for the remaining groups 
from the list ((I])-©? 
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